
So far we've been pretty cagey about
what it

means b converge as a Fourier series

if widetildefleftxright is to 2pi periodic extensionof f

we know that

widetildefleftxrightfraca02sum_k1inftyakcosleftkxrightbksinleftkxright
it widetildef is piecewise continuous

end
overlinef is

centurous at x

but this hasn't really answer the

question of which f possess a convergent

Fourier series

we're going
to describe a vector space in

which every function has a Fourier

series representation



A norm is a magnitudemeasuring function

leftxright0Rightarrowx0
for all xinVleftxrightgeq0

for all scales c veets xxcx

xyleqxy

Given a harmed veeter speece V we are

measer the distend between vectors

dleftxyrightleftxyright

An inner product leftlanglecdotcdotrightrangle on V defeirs
a norm by

leftxright2leftlanglexxrightrangle

Def A function f is square integrable on

leftpipiright if

leftfright2int_pipileftfleftxrightright2dxinfty
intrinsically
complex



The Hilbert space L2 is the vectorspace

of all square integrable finetus on leftpipiright

L2leftpipirightL2leftfleftpipirightrightarrowmathbbCleftfright2inftyright

_Whatsort of Seneters all in L2

piecewise anthurous factors

some function w singularities

fleftxrightfrac1xnicefrac13
addities like the Dirichlet function

0 if X is irrational

1 if X is rational
dleftxright

Hilbert spaces are complete
in the sense

inL2
that sequences that look convergent

have limits in L2

This requires a notion of integrability that



goes well beyond
the Riemann integral

frac12piint_pipidleftxrightdx is not deferredasForexample
or Riemann integral

but frac12piint_pipidleftxrightdx0 as a lebesgue

integral.whydo we need L2 the continuous functions

are not complete

think about the sequece

fnleftxrightleftfracxpiright2n on leftpipiright

each
function is continuous and the limit

exists pointwise everywhere

fleftxright 1 if xpmpi

0 otern

vice.butf isn't centennoes



Def let V be n normed velter space A

sequel leftsnright converges in norm to finV

if leftsnfrightrightarrow0 as nrightarrowinfty

let V be an outer product space
Given an orthonormal set of vectors

inV
Thm

varphi1ldotsvarphinLi closest vector in

span leftvarphi1ldotsvarphinrightsubsetV to finV is

hatf Projaso1is sum_i1nleftlanglef1varphiirightranglevarphii in the sense

that leftfsum_i1neivarphiiright is minimizedby
hatf

Def An orthonormal system varphi1ldotsinV is called

complete if for every finV

Snsum_k1nleftlanglefvarphikrightranglevarphik has

11 fsnrightarrow0 as ninfty



them way beyond the scope
ofthis

coursesThetrigonometric functions 1 coskx smkx an

setin L2leftpipiright That isa complete orthogonal

if finL2 the fleftfraca02sum_k1inftyakcosklbksinklrightrightarrow0
as ninfty

Caveat suppose that fleftxright0 on leftpipiright

and gleftxright0xneq0
xDelta

on leftpipiright

leftfleftxrightgleftxrightright0
so by ten defect of the norm fshould

beg.sofunctor in L2 are actually

equirateneclasses.the
problems we'll be solving will give L2 Seneters

represented by Fourier
senses as solutes

L2 is the most important vector space of solutes

to PDES



for finL2 we will write

fleftxrightsum


