
Our objective is to figure out a way to

write fleftxright as a Fourier series

fleftxrightfraca02sum_n1inftyakcoskxbksinkx
First we should figure out how to find akbk

Manyof you
has learned dumb formulas for this

that don't generaline

our goal is to
make this a linear algebra

problem In finite dimensions given an

n deminsine vector space V with an

inner product
overlinev in we say

overrightharpoonvbot in if
overrightharpoonvcdotoverrightharpoonw0 An orthonormal basis for V

is a collectionof velters overrightharpoonu1ldotsoverrightharpoonuu so that

overrightharpoonuicdotoverrightharpoonuj0 ineqjij1

and each vinV can be written

overlinevc1overlineu1ldotscnoverrightarrowun



Impotently the coefficients ci are extremely

easy to compute
cioverrightharpoonvcdotoverrightharpoonuccdot

so gain on basis leftoverrightarrowu1right every ic V

an be expressed

overrightharpoonvsum_k1nleftoverrightharpoonvcdotoverlineukrightoverlineukcdot
So we'd like to construct a vector space

of functions with coskx sinkx as an

orthonormal

basis.DefGiven finetius fg on leftpipiright the

2 mm product leftlanglefgrightrangle is given by

leftlanglefgrightranglefrac1piint_pipifleftxrightgleftxrightdx
the L

2
noms of f is

leftfrightsqrtleftlangleffrightrangle or leftfright2leftlangleffrightranglefrac1piint_pipif2leftxrightd



You might show that this is indeed an inner product

kneql
kneql

for all k l

cos kx cos lx 0

Sm kx smex 0

wsky sine 0

U111 52
11coskxl 1

Ismkyll

1Lemma
for all k

for all K

that is 1 cost smx cos2x S m 2x

is an orthogonal system of

feneters.Howcan we use this to compute coefficients

Suppose fleftxrightfraca02sum_kakcoskxbksinkx
the leftlanglefcoslxrightrangle

leftlanglefraca02sum_kakcoskxbksinkxcoslxrightrangle0

leftlanglefraca2coslxrightranglesum_kakleftlanglecoskxcoslxrightranglebksinkxcoslxrangleo
unless k1

alcoslxcoslx1
al



so alleftlanglefcoslxrightrangle
likewise blleftlanglefsinlxrightrangle

a0leftlanglef1rightrangle
herethe 2

fleftxrightfraca02sum_kakcoskxbksinkx
ifsothe

fleftxrightfrac12leftlanglef1rightranglesum_kleftlanglef1coskxrightranglecoskxleftlanglef1sinkxrightranglesinkx
lets compute one leaving aside questers of

amingue for now

Ex let fleftxrightx on leftpipiright

leftlanglex1rightranglefrac1piint_pipixdxfrac1pix1pipifrac1pileftpi2leftpi2rightright0
x1 cosk xfrac1piint_pipixcoskvdx

costly

sinkx

coskx

frac1ktimessinkxfrac1k2coskxpipi
frac1pileftleft0left1rightkrightleft0left1rightkrightright0

xsinkxlfrac1piint_pipixsinkxdx



frac1pileftfracxkcoskxfrac1k2sinkxrightpipi

frac1pileftleftfracpikleft1rightk0rightleftfracpikleft1rightkrightrightfrac2kleft1rightkfrac2kleft1rightk1

so xsimsum_k1inftyleft1rightk1frac2ksinkx
I 2sinxfrac2sin2x2frac2sin3x3frac2sinyxyldots

Cevergence is tricky means hasthe Fourier

reprientate

So what are
we domy here

basically

projecting f onto the open of l cosx.smx.co
xsm2x

A Fouriars is not a new object like aTaylorsers

I f fleftxrightsum_n0inftyanxn and it amings automatically

fleftxrightsum_n1inftynanxn1 and so on



what about our example

xsimsum_n1inftyfracleft1rightn1n2sinleftnxrightfracdaxfrac1simisum_n1inftyfracleft1rightn11ncdot2cosleftnxrightnsum_n1inftyleft1rightn12cosleftnxrightcdotuhohldots

nope


