
the wave equation was

Utt c

uxx.onthe the we could use d

Alembertmethod
let us now consider the heat equation

implet

u t u xx

This doesn't
have an elementary formula for

it general
solution

instead we'll write solution
as infinite

senioffamilies of simple explicit sol

this chapter will develop
the theory

ofJesseseries Farmer Saries



The evolutionary form of the heat equation

is utLlefturight whee Lfrac222x1

recall LleftaudvrightcLlefturightdLleftvright

also since L only depends on x

LleftclefttrighturightclefttrightLlefturight

Other operators are possible

Llefturightcleftxrightfrac2u2x

Llefturightfracpartial2upartialx2gammau
transport

damped heat eq

Fouriar's Idea

Consider

fracdudtlambdau
This has general solution

ucelambdat
in liner algebraic notation



Dlefturightlambdau

eigenvectorergen

valueFirstextension given a first order

homogeneous system of ODES

fracdu1dt2u1u1fracdu2dt3u12u2

leftbeginmatrixdu1dtdu2dtendmatrixrightleftbeginmatrix2132endmatrixrightleftbeginmatrixu1u2endmatrixright

fracdoverrightarrowudtAoverrightarrowu
guess

overrightarrowuelambdatoverrightarrowv for some constant
overrightharpoonv

gustluti ucelambdat



fracdoverrightarrowudtlambdaelambdatoverrightarrowv
lambdaelambdatoverrightharpoonvAleftelambdatoverrightharpoonvright
lambdaoverrightarrowvAoverrightarrowv

so overrightarrowuelambdatoverrightarrowv is a solute if

lambdaoverrightharpoonv are on enginpai of A

overrightharpoonulefttrightelambdatoverrightharpoonv is called an ergensolutic

of fracdoverrightarrowudtAoverrightarrowu
If A has an ergenbasis

overrightharpoonv1ldotsoverrightharpoonvn

th te gud solution to fracdoverrightarrowudtAoverrightarrowu
is overrightharpoonusum_i1ncielambdaitoverrightarrowvi



the ergen
solutions form a basis for

the general solution set

fracdudtlambdaufracdoverrightarrowudtAoverrightarrowu

c1 fracpartialupartialtLlefturight
let's try ulefttxrightelambdatvleftxright

frac2u2tlambdaelambdatvleftxright
LlefturightLleftelambdatvleftxrightrightelambdatLleftvleftxrightright

frac2y2tLlefturight
lambdaelambdatvleftxrightelambdatLleftvleftxrightright



So v must satisfy the ergenequation

Lleftvrightlambdav This is a functiononly
of

x.letus consider Lleftvrightfrac22v2x2v 1

suppose lambdaomega20vlambdav

vw2v0
m2w2leftmwrightleftmwright0
mpmomega

veomegaxeomegax

eigensolutions ulefttxrighteomega2teomegaxeomega1teomegat
lambdaomega20

vw2v0
mpmomegaim2w20
Vcosleftomegaxrightsinleftomegaxrightleftareiomegaxeiomegaxright

ulefttxrightew2tcdotcosomegaxeomegatsinomegax



lambda0

v0

v1x

ulefttxright1x

Absentary addict anditis

et al lambda is an egenrate

Any finite ever combunt of sold is

a sell so e g

ulefttxrightc1etcosleftxrightc2eYtsinleft2xrightc3c4x
is a solute

A note to consider

lambda0 gun solutes like elambdatcosomegax
physically reasonable

x0 g solutes like elambdateomegax a astto

physically bad



to get more information we need to apply

body condition
let us consider Fourian

problem

Consider the heat equati

utuxx
on pileqxleqpi subjectto

ulefttpirightulefttpiright for t0
uxlefttpirightuxlefttpiright

these are called periodic bondeyconditions

ulefttxright is temp on an insulated metal

ring So

value and slope should
matd

here.whichof our solution can meet this

if ulefttxrightelambdatvleftxright
the boundary conditions become



t0elambdatvleftpirightelambdatvleftpiright
SO vleftpirightvleftpiright

t0suelambdatvleftpirightelambdatvleftpirightand

vleftpirightvleftpiright

for the ODE vlambdav

we seek nontrivial solutions

S lambdaomega20

the general
solute is

vleftxrightc1eomegaxc2eomegax
applying body condites gin

c1ewpic2ewpie1ewpic2ewpi

nuleftpirightleftc1c2rightewpileftc2c1righteomegapi0Rightarrowc1c20a1c1

vleftpiright

So c1c2 sure omeganeq0

also vleftxrightc1weomegaxc2weomegax



c1wewpic2wewpie1wewpic2wewpi
c1c2

e1c2 and a1c2

requee teat c1c26

soso

no neutrinal

soluturs.iflambda0 I vabx
vb

abpiabpi and bb
Rightarrowb0

so vleftxrighta work lambda0 in

aneigenvalue.takev0leftxrightequiv1

ulefttxrighte0tv0leftxright1

Finally lambdaomega20

vleftxrightacosomegaxbsinomegax



VleftXrightaomegasinleftomegaxrightbomegacosleftomegaxright

acosleftwpirightbsinleftomegapirightacosleftomegapirightbsinleftomegapiright
Rightarrow2bsinleftomegapiright0

awsinleftomegapirightbomega cos t WTI

aomegasinleftomegapirightbomegacosleftomegapiright
2 asin wa 0

if si nleftomegapirightneq0 arb o trival

sol.Soarsine Sm WIT 0

omegapi0 pmpipm2pipm3pi

but w0 so

wpipi2pi3pi4pildots

SO omega123Y5ldots

have vleftxrightacosleftkxrightbsinleftkxright
allenginsolutes

and lambdakk2 is an ergenrate each



of which has a 2d egupee

ukleftxrightek2tcosleftkxrighthatuklefttxrightek2tsinleftkxright
dee ergentineter solutes to to

BCD
o to include 1k012ldots


