
The wave equation on the real

line.Amodel for small displacements on a ID medium

like a string is

eleftxrightfracpartial2ypartialt2frac22xleftKleftxrightfracpartialupartialxright
tensionslope ofdisplacementaccelerationmass

densityNewton's second lawandMinis
essentiallyelbow

grease.To
make this tractable lets assume small

disturbances on a medium of uniform density

pandstiffness k

then this simplifies to the ID wave equation

fracpartial2upartialt2c2fracpartial2upartialx2 where csqrtnicefracKP

Since we have two time derivatius we need

two initial conditions to solve this say

uleft0xrightfleftxrightfrac2u2tleft0xrightgleftxright



This is an initial value problem

ut Lc2uxx
uleft0xrightfleftxright
utleft0xrightgleftxright

PDE

IC

we seek a c2 solution ulefttxright meeting

the initial auditions

let mdlgwhtsquare2t2c22x2 be the wave operator

the the wave equation can be written

mdlgwhtsquareu0

we can factor tee operator

mdlgwhtsquare2t2c22x2left2tcpartialxrightleftpartialtcpartialxright
implicitly this equality depends on

partialtpartialxu2timespartialtu ClairantsThem

so we must have c2 solutions



Buleft2tc2xrightleft2tc2xrightu0

has a solution a if 2tc2x annihilate u

If leftpartialtcpartialxrightu0 I

the leftpartialtcpartialxrightleft2tcpartialxrightu
leftpartialtcpartialxright0

0

of course
left2tc2xrightu0 is a transport

equation

utcux0

which is solved by
ulefttxrightpleftxctright 1

a rightward traveling wave

w speed c for an arbitrary c2

function P

so ulefttxrightrholeftxvarepsilonfright is a family of solutions

to uttc2uxx



of course we could have factored to

operator in to other order

mdlgwhtsquareleft2te2xrightleft2tc2xright
and so solutions to

leftpartialtcpartialxrightu0
are also solutions to

leftpartialtcpartialXrightleftpartialtcpartialXrightu0
utcux0 is a transport 9

with solutions

uqleftxctrightqarbe2
_leftwardtraveling wave w

speed

C.bylinearity
ulefttxrightpleftxctrightqleftxcfright

is also a solution to

sumu0

d Alembert showed that old



solutions to mdlgwhtsquareu0 have this form

of the sum of a left and right traveling

wave.theorem

Every solution to

uttc2uxx can be written as

a superposition of left and righttravelinwaves

ulefttxrightpleftxirightqleftetarightpleftxctrightqleftxctright
where p g are arb C functions depending

on the characteristi variables

xieta
Pf Proceed by change of variables

at ulefttxrightvleftxctxctrightvleftxietaright



ten frac2u2tfrac2v2xicdotfrac2xi2tfrac2v2etacdotfrac2eta2t
utvxileftcrightvetaleftcright
cleftvxivetaright

frac2u2xfrac2v2xicdotfrac2xi2xfrac2v2etacdotfrac2eta2x
uxvxiveta

uttc2leftvxixi2vxietavetaetaright

uxxvxixi2vxietavetaeta

Sigmauuttc2uxx4c2vxietathe

0mdlgwhtsquareuiHso

0vxieta

Now write fracpartialpartialxileftfracpartialvpartialetaright0



frac22xileftwright0 were wfrac2v2m
this implies that

wrleftetaright r arbitrary
function

of n
sub back

wfracpartialvpartialetarleft3rightfrac2v2n
So integrating

vintrleftetarightdetapleftxiright
qleftetarightpleftxiright Pig arbitray

vleftxietarightpleftxirightqleftetaright
means

ulefttxrightpleftxctrightqleftxatright



An illustrative example

suppose utt5utx4uxx0
uleft0xrightsinx
utleft0xrightsinx

position

velocitysinceleft2t252tx42x2rightu0
left2t42xrightleft2t2xrightu0

Ithemethod from the solutes of the
wave equation

give7 lgc3ufleftxYrightgleftxtright
I uleft0xrightfleftxrightgleftxrightsinx

utlefttxrightyfleftx4trightgleftxtright
I fleftxrightgleftxrightcosx
II 4fleftxrightgleftxrightsinx

3fsinxcosxffrac13sinxfrac13cosxfleftxrightfrac13cosxfrac13sinx



also fleftxrightgleftxrightsinx
leftfrac13cosxfrac13sinxrightgleftxrightsinx
gleftxrightfrac43sinxfrac13cosleftxright

ulefttxrightfleftxvtrightgleftxtrightfrac13cosleftxytrightfrac13sinleftxytrightfracy3sinleftxtrightfrac13cosleftxtright

SO



Solving the IVP

Now lets

solveDE
Utt c2uxx

IC uleft0xrightfleftxright
utleft0xrightpleftxright

ulefttxrightpleftxctrightqleftxctright

uleft0xrightpleftxrightqleftxrightfleftxright
utlefttxrightcpleftxctrightcqleftxctright
utleft0xrightcpleftxrightcqleftxrightgleftxright

since pleftxrightqleftxrightfleftxright
Ipleftxrightqleftxrightfleftxright
fracpicpleftxrightcqleftxrightgleftxright

Ileftfrac1crightI

2pleftxrightfleftxrightfrac1cgleftxright



SO pleftxrightfrac12fleftxrightfrac12cint_0xgleftzrightdza
ten qleftxrightfleftxrightpleftxright

fleftxrightleftfrac12ffrac12cint_0xglefttrightdtaright

qleftxrightfleftxrightfrac12cint_0xgleftzrightdzaulefttxrightpleftxirightgleftetarightfracfleftxirightfleftetaright2frac12cint_nxigleftzrightdz

fracfleftxctrightfleftxctright2frac12aint_xctxcgleftzrightdz
this is called d Alembert's

solute



the characteristics of the wave equation

etaxctdee xixat
xctyx

domainofinfluenceof 0,4
domain

of

dependre left0yright

t

xcty

Then 2.18the solution to the forced IVP

uttc2uxxFleftxtrightuleft0xrightfleftxrightutleft0xrightgleftxright
inftyxinfty

t0isinfluenceof
displacementinfluence of

velocityulefttxrightfracfleftxctrightfleftxctright2frac12cint_x4xctgleftxrightdx
influece of forcingfrac12cint_0tint_xclefttsrightxclefttsrightFleftsyrightdyds



left0xctright
lefttxright

tau
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