
Two views of deltaleftxright
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let us integrate the delta function how
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let us choose efrac12 this is a Fourier series choice
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In some sense

intdeltaleftxrightdxsigmaleftxright and hence

fracdsigmapartialxdelta in line w FTC

so we've built a notion of derivatives

that extends to discontinuous functions

the derivative fracdsigmadxdelta is called a

distributional derivative

let us compute another example If delta

exists what should its formula be

let 0inleftabright

leftlangledeltaurightrangleint_abdeltaleftxrightuleftxrightdx
I'd love to get a f in here

How The singlemost important

method ofintegration
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uleft0right

hence delta is a distribution so that

leftlangledeltaurightrangleleftlangledeltaurightrangleuleft0right
for all differentiable u

Note S means the derivative of delta as

a distribution not a function so it

only makes sense
in the context of an

integral S is not a factual
deviatie



Def Suppose uinLleftabright VinL1leftabright
iscalleda weak derivative of u if

int_abuleftxrightphileftxrightdxint_abvleftxrightphileftxrightdx
for all phi in C0inftyleftabright

smooth frictions w

philefturightdleftbright0

Example

Consider leftxrightleftxright on left11right

This is not a classically differentiable

function



let d be in C0inftyleft11right
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so sgnleftxright is the weak derivative



of 1times1

fracddxleftxrightsgnleftxright

fracd2dx2leftxrightfracddxsgnleftxright2delta

So fracd2dx2leftfrac1Lleftxrightrightdelta
phi is called a test functui

we found that

fracddxleftxrightsgnleftxright via testing by phi



How does this lead b a method for

evaluating differential equations

consider
uleft1rightuleft1right0udelta

test

uphideltaphi for phiinC0inftyleft11right

integrate

int_11uddxint_11deltaleftxrightphileftxrightphileft0right
parts

dvuud
vu

duphiud11int_11uddxdleft0right0

int_11uphidxphileft0right
we have the weak version of the equation



find u with uleft1rightuleft1right0 so

int_11u0 I dxdleftcright for all phi

uleftxrightfrac1leftxright2
frac12x0

uleftxrightfrac12frac12sgnleftxrightfrac12

x0int_11uphidxint_10frac12phiint_01leftfrac12rightphifrac12d10frac12d01

frac12phileftcrightfrac12phileftcrightphileft0right

hence uleftxrightfrac1leftxright2 solves the weak

problemandhence is a weak

solutiontoudelta



ufrac1Lsgnleftxright

ufrac12left2deltarightdelta


