
Laplace's Equation is a second order

PDE

fracpartial2upartialx2fracpartial2upartialy20
This is prehaps the single mostimportant

PDE

Solutions are called harmonic functions

and are u in the kernel of the

operator

Deltafracpartial2partialx2fracpartial2partialy2 called the

Laplacian note Deltanablacdotnabla

The forced version

Deltaufleftxyright is called Poisson's

equation



Since the is no time dependence these

equations describe equhbrim and almost always

apper in the context of boundary

value problems
overrightharpoonn

partialOmega
downarrow

overrightharpoonncdotOmega

overrightharpoonn

what kindof boy conditions

uleftxyrighthleftxyright for leftxyrightinpartialOmega
Diricket rate on bdy



leftxyrightin2Omegafracpartialupartialoverrightarrownnablaucdotoverrightarrownkleftxyright
The normal derivative is

specified.typicallyoverrightharpoonn is an outward facing

unit normal

Ex fracpartialupartialoverrightharpoonn0 no flux through
22

we'll consider two cases of Lapler's
ego where we can separate variables

uxxuyy0 on a rectangle

uleftxdrightd

uleftbyrightalary
c

uleftxcright ba



If UleftxyrightXleftxrightYleftyright

the XYXY0

fracxxfracyylambda
XlambdaX0 Y lambdaX0

opposite signs

fracYleftyright1y fracu1xyxyIf
lambda0fracXleftxright1x

If lambda0

coshleftmuyrightsinhleftmuyrightcosleftmuxrightsinleftmuxright

If x0

coshleftmuxrightsinhleftmuxright cosleftmuxrightsinleftmuyright



consider
uleftxbright0 2Db

D
uleft0yright0 uleftayright0

o auleftx0rightfleftxright

the XlambdaX0 hes

xleft0rightxleftaright0

YlambdaY0
Yleftbright0

separated

boundarystart
w homogenous solutes

xlambdax0
XleftarightXleftaright0

lambda0 lambda0 impossible

SO lambda0 y lambdamu2
XleftxrightAcosleftmuxrightBsinleftmuxright

has



Xleft0rightA0
XleftarightBsinleftmuaright0 so mufracnpian1ldots

Xnleftxrightsinleftfracnpiaxright

lambdamu2fracn2pi2a2
so YlambdaY0 becomes

Yfracn2pi2a2Y0 n12

Yc1efracnpiayc2efracnpiay
Yleftbright0

c1efracnpibac2efracnpiba0
neqc2c1efrac2pinba

Yc1efracnpiayc1efracnpibzaefracnpiay
e1efracnpibaleftefracnpibaefracnpiayefracnpibaefracnpiyaright



2c1efracnpibaleftefracnpialeftbyrightefracnpileftbyrighta2right2e1efracnpihasinhleftfracnpialeftbyrightright

So unsinleftfracnpiaxrightsinhleftfracnpialeftbqrightright n12ldots

uleftxyrightsum_n1inftycnsinleftfracnpiaxrightsinhleftfracnpialeftbyrightright
can we find cn

uleftx0rightfleftxright

sum_n1inftycnsinhleftfracnpibarightsinleftfracnpiaxrightbn

bnfrac2aint_0afleftxrightsinleftfracnpiaxrightdx



SO

cnfracbnsinhleftfracnpibaright
SO uleftxyrightsum_n1inftyfracbnsinleftfracnpixarightsinhleftfracnpileftbyrightarightsinhleftfracnpibaright
polar version

suppose we're intusted in a circular

demean.letsuse polar coordinate

rsqrtx2y2yrsinthetaxrcostheta

thetaarctanleftfracyxright

fracpartialpartialxuleftrthetarightfracpartialupartialrcdotfrac2r2xfrac2u2thetacdotfrac2theta2x
frac242rcdotfrac2x2sqrtx2y2frac242thetacdotfrac11leftyxrighticdotfracyx2
frac2u2rcdotfrac2restheta2rfracpartialupartialthetacdotfracrsmthetar2
leftfrac22rcdotcosthetafrac22thetafracsmthetarrightu



frac22xcostheta2rfracsmthetar2theta
easy to compute the rest

plugging into uxxuyy0

polar form of haplaces ea

urrfrac1rurfrac1r2uthetatheta0
2D

assume

unit circle

D

uleft1thetarighthleftthetaright
boundaryconditionDirichlet



uRleftrrightThetaleftthetarightRthetafrac1rRthetafrac1r2Rtheta0

since rneq0 in poler

fracRRfrac1rcdotfracRRfrac1r2fracthetatheta0

r2fracRRfracrRRfracthetathetalambda
SO r2RrRlambdaR0
and

thetalambdatheta0
we should impose periodic boundary conditions

thetaleft0rightthetaleft2piright
thetaleft0rightthetaleft2piright



we've already solved this

the ergenfunctors are frac1sinntheta cos no

for n12ldots

for lambdan2

Applying this to the R equationgives

r2RrRn2R0

this is called a Cauchy Zuter equator

RrKwhich has ansatt

RKrk1Rkleftk1rightrk2
becomesr2RrRn2R0

leftkleftk1rightkn2rightrk0
iff

leftk2n2rightrk0
iff

k2n20 kpmn



so for nneq0 Rrnnn are

ergensoletsforn0

r2RrR0
is solved by R1 and Rlnr

fullsothe eigensolution are

1lnrrncosnthetarnsinnthetarncosntheta
rn

Smo.unboundedas rrightarrow0

hidden boundary condition uleftrthetaright is bounded

on D

uleftrthetarightfraca02sum_n1inftyrnleftancosnthetabnsmnthetaright

uleft1thetarightfraca02sum_n1inftyancosnthetabnsinntheta11hleftoright



SO anfrac1piint_pipihleftthetarightcosnthetadtheta
bnfrac1piint_pipihleftrrightsinthetadtheta

note rn cosno and rn sino are

called the harmonic polynomials


