
21
Having defied a matrix times a vector lets

turn that idea wite a function

lets make a function that takes

a relter Y and multiplies it by

a matrix A

lets call it
T x ̅ Ax ̅ 15

what does T do

T I 1 4 1

T t I
T1 9



ta
fit

É

Denton A function T from RM to R
is called a liver transfer if tene
exists an mxn matrix A such that

Tix Ax ̅



Above we computed

T i 1
firstcolumnof A

T 9 9
secondcolumn off

the vectors e and ez 9 are called

standard basis vets or elementing veeter

Fat A Y vi in é

Oi t oft crust _town

Ñj

we can use this idea to find the matrix of a

liner transformation

Suppose T is a liner transformation from

R to R that rotates veeters by
radians
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9 E

T x ̅ Te Ter x ̅

msn.militammsItttItI
i e.mn

if and only if
T Eti Titti for ace ñÑe Rm

That KTI for all KER TERM



Doexampless

An idea from calculus

at T a bx cx xdx3 Fx axbxtex'xdx3

b 2cx 3dx

T is Ineer since

T pin a x1 Fx pkt arxi
Fxpkt Fxq x

T pixel T 19611

and Kpix Fx kpix k Explx

KTCx

How can we write T as a map on veeters

T
at bx cxtdx b 2cx 3dx
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81

so

diffentiation is loser algebra
I coupled w Taylor series the idea is very
useful



II.IE n
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initial distribution of cores

Y Sx 1 3 1 4
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gy
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8 0 1 I

f fi no
1 3 8 2

matrix

T x ̅ y is near

T D X

o i

in fact if we continue to apply T

we will approach a limit steady state

This idea is called aMarkovmoded



41 Describe all liver transformations

R R

T Y
c

122 R

T Y a 5 axtby

I Ta

as a surface Z ax by is

a plane trough
10,010

with normal vector
a b i



Chapter 2 check in

what are we doing here

description
rotates by 5

new map
T x ̅

geometry rule

T TH AI

t

A can always be extracted

by lookey at T E

A Their Tless for T a



Eave T x rotate x ̅ by
and the reflect across

x axis

T
Tara

Te TleII

1

i

time S ill

IF is



2.20 Linear transformations in geometry

Our goal
is to understand lever transformations

in general
We'll explore how they can behave

by examining
2 2 matrias which have

mil pictures

a I A

f nif.in
the L doubles in size by a factor of 2

This is a scaling by 2

b
B

f
fi

this is an orthogonal prisection
onto ter x axis



e

c

ifs.it

this is reflection about y axis

d I D

1T tttÉ

This is a rotate by 270 CCW

Ee E
t.fm E

one direction is left alone In called

a sheer transformatin



combo

F

ith
ifi

rotation and sealing
how much rotation 45

how much scaling V2

the matrix for a 450 rotation should be

and scaling

3

it would be nice to define a

type of matrix multiplication so that



two vectors are orthogonal or

perpendicular if t.io

create into



reffitte nations in

lever algebra is better t

Bret sher calls tens x ̅ the projection

of x ̅ onto a lrie L

a



x ̅ pros

x ̅

17

I

x ̅ x ̅ xt̅ shows up in the
free

body diagramsof physics

seems pretty clear that x ̅ It

and x ̅ x ̅ x ̅



let it be parallel to L

the x ̅ kw̅

w̅ It_0

so w̅ x ̅ kw̅ 0

SO w̅ x ̅ K W o w 0

so K I

EE
EFIIFan

een better if we have a unit veeter

a parallel to L i i llñli 1

the proj x ̅ x.̅ci w̅ for a IL



is T x ̅ project linear if so fund tee

matrix

let a

ei pros
3

4

lei proji 9 c

us

so x ̅ pro x ̅ if

ortngen dprojtiv.is a liner transfunct



Rotatine
and

coso sino
so Tlx ̅ smo a x ̅



2 3 Matrix Products

Suppose T S lever

T 112 Rm TCI Bx ̅

S R lRm S E Ax

ten TIS 5 5 T S E 8241

TCS x ACID
Shel TIS are her

also T S KE TESCED

KT SCED

so TCS x ̅ is lean and must have

a matrix

let A Tp

ten s éill ai Bai

so t still Bai Bai Bap x ̅



So we define matrix multiplication this

way
BA Bai Bap

note If B is nxm

and Air mxp

the BA is nxp

raÉB
AB 3 i 3 93

property of matrix multipliate

just like 1 haste property that

1 a a I a for numbers and so

is called a multiplicative identity



so is

In

If A is nxm

ABsc.FI
Im

associativityA
B C AB AC

B C D BD CD

distributive

genially
BC CB but sometimitis



A i B 3

AB 3,1
2

9

hmm

BA 3

L i
hmmmm

so A and B canal into the identity
matrix I



with numbers if ab 1

the b at

with nxn matrias if

atattie.im
InvtibMatriaadtransurmati'on

A function T XY is called invertible

if Tlx y has a unique solution x

in X for any y in Y

Ex if Tix 3 the TIX y
herssolute
3 x y
by

forall g
80 T x 3x is unwritble

with inouse

T x x



In this case

T y x new Tx y

so T T y

y.III.in

L T xI XadT Lly l y

I.IT
FmeetixAismLifT

x Ax is invertible

If this holds the A is the matrix so

that g A y
nxn

A matrix A is invertible iff



rreflat In

is invertible

3

yes

How can we findA row reduction

if rref A I I BI ten B A

if not A is not invertible

91



iff.FInE
AB C I

A ABC A I

EBC A_

BC A_

B BC B A
IC B A

C B A

so AB B A



the defeat of a 2 2 matrix is

is def A ad be

why

1 2
ad be

ad b

ad be

if ad be 0

11
so

a at a

def 3 1137 2111 3 2 1 0

80 is curtible



ad 3

Ihmtinemann.itiI
let A be nxn TFAE

1 A is invertible

2 def A 0

3 the is a matrix B so BA AB I

4 Ax ̅ 0 has exactly on solution x ̅ 0

5 A'x b has exactly on solute fercy5

6 rref A In

7 rank A n


